Abstract. We show that if x is a strongly extreme point of a bounded closed convex subset of a Banach space and the identity has a geometrically and topologically good enough local approximation at x, then x is already a denting point. It turns out that such an approximation of the identity exists at any strongly extreme point of the unit ball of a Banach space with the unconditional compact approximation property. We also prove that every Banach space with a Schauder basis can be equivalently renormed to satisfy the sufficient conditions mentioned. In contrast to the above results we also construct a non-symmetric norm on c 0 for which all points on the unit sphere are strongly extreme, but none of these points are denting.
Introduction
Let X be a (real) Banach space and denote by B X its unit ball, S X its unit sphere, and X * its topological dual. Let A be a non-empty set in X. By a slice of A we mean a subset of A of the form S(A, x * , ε) := {x ∈ A : x * (x) > M − ε} where ε > 0, x * ∈ X * with x * = 0, and M = sup x∈A x * (x). We will simply write S(x * , ε) for a slice of a set when it is clear from the setting what set we are considering slices of. Definition 1.1. Let B be a non-empty bounded closed convex set in a Banach space X and let x ∈ B. Then x a) is an extreme point of B if for any y, z in B we have
b) is a strongly extreme point of B if for any sequences (y n )
in B we have lim n x − y n + z n 2 = 0 ⇒ lim n y n − z n = 0.
When B is the unit ball, the above condition can be replaced by lim n x ± x n = 1 ⇒ lim n x n = 0.
In this case we say that the norm is midpoint locally uniformly rotund (MLUR) at x. c) is a point of continuity for the map Φ : B → X if Φ is weak to norm continuous at x. When Φ is the identity mapping we just say that x is a point of continuity (PC). d) is a denting point of B if for every ε > 0 and δ > 0 there exists a slice S(x * , δ) of B with diameter less than ε. e) is a locally uniformly rotund (LUR) point of B X if for any sequence (x n ) ∞ n=1 we have lim n x + x n = 2 lim n x n = 2 x = 2 ⇒ lim n x − x n = 0.
It is well known that LUR points are denting points and that denting points are strongly extreme points [KR82] . Trivially strongly extreme points are extreme points.
The importance of denting points became clear in the sixties when the Radon-Nikodým Property (RNP) got its geometric description. In particular, it became clear that extreme points in many cases are already denting as every bounded closed convex set in a space with the RNP has at least one denting point. The "extra" an extreme point needs to become a denting points is precisely described in the following Theorem 1.2. [LLT88] Let x be an extreme point of continuity of a bounded closed convex set C in X. Then x is a denting point of C.
It is well known that all points of the unit sphere of ℓ 1 are points of continuity for the unit ball B ℓ 1 . So from Theorem 1.2 we get that every extreme point of the unit ball of any subspace of ℓ 1 automatically gets the "extra" to become denting.
However, despite the theoretical elegance of Theorem 1.2, it is not always easy to to check whether the identity mapping is weak to norm continuous at a certain point of a bounded closed convex set. For this reason it is natural to look for geometrical conditions which ensure weak to norm continuity of the identity operator at x when we approximate it strongly by maps that are weak to norm continuous at x.
One such idea could be to assume that x is strongly extreme (not just extreme as in Theorem 1.2) and that the identity map is approximated strongly by finite rank operators. But this is not enough to give the extreme point the "extra" needed to be denting: Consider x = x(t) ≡ 1 ∈ B C[0,1] . Then x is strongly extreme in B C[0,1] , but the identity map
is not weak to norm continuous there (see the next paragraph), and lim n P n x − x = 0, where (P n ) are the projections corresponding to the Schauder basis in C[0, 1]. Clearly P n is weak to norm continuous at any point of B C[0,1] (as any compact operator is).
Actually C[0, 1] belongs to the class LD2 of Banach spaces where all slices of the unit ball have diameter 2. Naturally, in such spaces no point of the unit sphere can be a PC point. See e.g. the references in [AHN + 16] for more information about the class LD2. Assuming x is strongly extreme, we need to make stronger assumptions of the approximating sequence of the identity. One such condition which we impose is related to the behaviour of the approximating mappings close to the point x. In particular we obtain as a corollary that in Banach spaces with the unconditional compact approximation property (UKAP) (see Definition 2.8), every strongly extreme point in the unit ball is PC and therefore denting. In particular, we have that this conclusion holds for Banach spaces with an unconditional basis with unconditionally basis constant 1. Further we show that every Banach space with a Schauder basis can be renormed to satisfy the conditions of Theorem 2.1.
Nevertheless we construct, in Section 3, a closed convex body in c 0 where all boundary points are strongly extreme, but none of them is denting. This body is not symmetric; we refer to its gauge as a nonsymmetric equivalent norm on c 0 . Thus, we construct a non-symmetric equivalent norm on c 0 for which all points on the unit sphere are strongly extreme points, but none of these points is denting. In fact every slice of the unit ball of c 0 with this non-symmetric norm has diameter at least 1/ √ 2. In Section 4 we investigate when equivalent norms conserve strongly extreme and denting points of the corresponding unit balls.
The notation and conventions we use are standard and follow [JL01] . When considered necessary, notation and concepts are explained as the text proceeds.
Weak to norm continuity of the identity map
Our most general result on how to force a strongly extreme point x to be denting in terms of approximating the identity map I : X → X at x is the following Theorem 2.1. Let x be a strongly extreme point of a non-empty bounded closed convex set C in a Banach space X. Let x be a point of continuity for a sequence Φ n : C → X, n = 1, 2, . . . of maps such that
where f n (ε) = sup{dist((1 + λ)Φ n y − λy, C) : y ∈ C, Φ n x − Φ n y ≤ ε}, for some λ ∈ (0, 1]. Then x is a denting point of C.
The proof follows from Theorem 1.2 and the next proposition which is an interplay between weak and norm topology. With B(x, ρ) we denote the ball with center at x and radius ρ.
Proposition 2.2. Let x be a strongly extreme point of a convex set C of a normed space X and let 0 < λ ≤ 1. Assume that for every η > 0 there exist a weak neighbourhood W of x and a map Φ :
Proof. Since x is strongly extreme point, for every ε > 0 we can find δ > 0 such that
Set η = min{δ, λε}/2. There is a weak neighbourhood W of x and a map Φ satisfying (3) and (4). Set Ψ = I − Φ and pick an arbitrary w ∈ W ∩ C. Put y + = (1 − λ)x + λw. Since x, w ∈ C we get y + ∈ C by convexity. Since
we have from (3)
Having in mind (4) we can find y − ∈ C such that
This and (6) imply
From (5) we get
On the other hand, using again (6) and (7), we get
This and (3) imply
Since w is an arbitrary element of W ∩C we get that W ∩C ⊂ B(x, 2ε).
Remark 2.3. If x is PC for C we get that x satisfies the hypotheses of Proposition 2.2 just taking Φ = I, λ ∈ (0, 1].
Proof of Theorem 2.1. Let {ε n } be a sequence of positive numbers tending to 0. Since Φ n : C → X, n = 1, 2, . . . is weak to norm continuous at x there is weak neighbourhood V n of x such that
Thus the conditions of Theorem 2.1 imply that for every η > 0 we can find n = n(η) such that (3) and (4) hold for W = V n and Φ = Φ n .
Recall that every linear compact operator is weak to norm continuous on bounded sets. This together with Theorem 2.1 gives Corollary 2.4. Let (X, · ) be a Banach space and let |||·||| be an equivalent (not necessarily symmetric) norm on X with corresponding unit ball C. Let x be a strongly extreme point of C. Let T n : X → X be linear compact operators such that
for some λ ∈ (0, 1]. In particular the above is satisfied if
Then x is a denting point of C.
Proof. It is enough to prove that (9) implies (2). Indeed, since there exists k > 0 such that · ≤ k|||·|||, then for every u ∈ X \ C we have
Remark 2.5. The functions f n defined in Theorem 2.1 can be discontinuous at 0. Indeed, X be a Banach space, e ∈ B X , and e * ∈ S X * be such that e * (e) = e = e * = 1. Define a (norm one) projection P on X by P x = e * (x)e and put f (ε) = sup{ P y − Ry : y ≤ 1, P (e − y) ≤ ε}, where R = I − P . Now, if the norm · on X is either strictly convex or Gateaux differentiable at e * , then f is discontinuous at 0. Indeed, let ε = 0, y ≤ 1, and P (e − y) = 0. We get e * (e − y)e = 0. Hence e * (y) = e * (e) = 1. By the strict convexity of the norm or the Gateaux differentiability of the norm at e * , we have y = e. This implies Ry = Re = 0, so f (0) = 1. In order to prove that f is discontinuous at 0 we simply apply Corollary 2.4 with T n = P . Since e is strongly extreme, but not denting, we get lim ε→0 + f (ε) > 1.
Remark 2.5 shows that one cannot replace the limit condition (9) of Corollary 2.4, by
The conditions in Corollary 2.4 are essential. Let us illustrate this by examples.
Example 2.6. Consider the space c of convergent sequences endowed with its natural norm. Let e = (1, 1, . . .) ∈ S c and P n the projection on c which projects vectors onto their n first coordinates. Clearly e is a strongly extreme point of B c which is not denting. Moreover, it is evident that the condition lim n P n e − e = 0 fails and that the condition (9) (moreover (8)) holds for λ = 1 (and thus for all λ ∈ (0, 1]). It follows that the approximation condition in Corollary 2.4 is essential.
Example 2.7. Consider again c endowed with its natural norm. Let e ∈ c be is as in Example 2.6. Define a projection P on c by P x = lim n x(n)e and put P n = P for all n. By construction P n e = e. For z = (0, 1, 1, . . .) we have P n z = P z = e. Now, for any λ ∈ (0, 1] we have (1 + λ)P n z − λz = (1 + λ)e − λz = 1 + λ.
It follows that the condition (2) in Theorem 2.1 is essential.
We now present our results in terms of an approximation property introduced and studied by Godefroy, Kalton and Saphar.
Definition 2.8. [GKS93] A Banach space X is said to have the unconditional compact approximation property (UKAP) if there exists a sequence (T n ) of linear compact operators on X such that lim n T n x − x = 0 for every x ∈ X and lim n I − 2T n = 1.
Clearly Banach spaces X with the UKAP satisfy condition (10) for λ = 1. Clearly also Banach spaces with an unconditional basis with basis constant 1 have the UKAP (simply put T n = P n the projection onto the n first vectors of the basis). Thus we immediately have the following corollary.
Corollary 2.9. If X has the UKAP, in particular if X has an unconditional basis with unconditional basis constant 1, then all strongly extreme points in B X are denting points.
Let us mention that the global condition (10) is much stronger than the local condition (9), even in the case when it holds for all x in S X . This will be clear from the discussion below and in particular from Example 2.12 which shows that the condition (10) is strictly stronger than (9). For that example we will use the following result.
Proposition 2.10. Let X be a Banach space and x a locally uniformly rotund (LUR) point in S X . Let (T n ) be a sequence of linear bounded operators on X, with lim n T n = 1, and which satisfies condition (8) in Corollary 2.4 for x ∈ S X . Then condition (9) holds for λ = 1 (and thus for all λ ∈ (0, 1]).
Proof. Pick an arbitrary sequence (ε n ) with ε n > 0 and lim n ε n = 0. First we show that
where D n = {y ∈ B X : T n (x − y) < ε n }. To this end note that it suffices to show that
Hence lim inf n x + y n ≥ 2. Since y n ≤ 1 we get lim n x + y n = 2. Since x is a LUR point, we get that (12) holds, and thus (11) holds. In order to prove (9) for λ = 1, it is enough to show that
So we get from (8) that lim inf d n ≥ 1. Now, pick arbitrary y ∈ D n . Then we have
Hence lim sup d n ≤ 1.
Proposition 2.11. Let (T n ) be a bounded sequence of linear compact operators on X, R n = I − T n , and (f n ) ⊂ S X * a separating family for X. Then the norm
is LUR at x ∈ X provided lim n R n x = 0. Moreover, if the operators (T n ) commute and lim n T n = 1, then lim n |||T n ||| = 1.
Proof. Pick a sequence (x k ) ⊂ X with lim k |||x k + x||| = |||x||| = |||x k |||. 
First we show that (x k ) is norm compact. Given ε > 0 we can find n with R n x < ε. Using (13) we can find k ε such that R n x k < ε for
Thus the norm |||·||| is LUR at the point x ∈ X. Now, let us prove the moreover part. As (T n ) commute, we have
Hence It is now easy to give the announced example which shows that condition (10) can fail as condition (9) holds for every x in S X .
Example 2.12. Consider c 0 endowed with the norm · defined by x = sup i,j≥1 (x(i) − x(j)) where x = (x(k)) ∈ c 0 . Clearly · is equivalent to the canonical norm on c 0 . Let P n be the projection onto the n first vectors in the canonical basis (e k ) of c 0 and let |||·||| be the norm on c 0 given in Proposition 2.11 where f n = 0 for every n. Then (c 0 , |||·|||) fulfils the conditions of Proposition 2.10 and thus satisfies condition (9) for every x in S c 0 . Nevertheless we have |||P k − λR k ||| > 1 for any λ ∈ (0, 1], so condition (10) fails. For the latter, just consider
From the two preceding propositions we also get Corollary 2.13. Let X be a Banach space with a Schauder basis. Then there exists an equivalent norm · on X for which the sequence of projections P n onto the first n vectors of the basis, satisfy (9) for λ = 1.
On the other hand we have Proposition 2.14. There exists an equivalent norm · on C[0, 1] such that (9) does not hold for any λ > 0 and any sequence (T n ) of compact linear operators on Xwhen x ∈ C[0, 1] with x = 1 and lim n T n x − x ∞ = 0.
Proof. The norm on C[0, 1] constructed in [AHN + 16, Theorem 2.4] is midpoint locally uniformly rotund and has the diameter two property, i.e. all non-empty relatively weakly open subsets of the unit ball have diameter 2. In particular, in this norm all points on the unit sphere are strongly extreme, but none are denting. Thus the conclusion follows from Theorem 2.1.
3. An MLUR non-symmetric norm on c 0 without denting points on the unit sphere
We will now construct a non-symmetric equivalent norm on c 0 for which all points on the unit sphere are strongly extreme, but none of these points are denting.
Proposition 3.1. There exists in c 0 an equivalent (non-symmetric) MLUR norm |||·||| with no denting points. Moreover, every open slice of the unit ball corresponding to |||·||| has diameter ≥ 1/ √ 2.
Proof. With J we denote the set of all finite strictly increasing sequences (j k ) k≥0 of natural numbers. For x = (x(k)) k≥1 ∈ ℓ ∞ and j ∈ J we put
Claim 3.2. For every x ∈ c 0 and every ε > 0, there exists m = m(x, δ) ∈ N and δ = δ(x, ε) > 0 such that
where P m is the projection onto the first m vectors of the canonical basis of c 0 and R m = I − P m .
Proof. Pick m such that
and put δ = ε/2 m+3 . Using the definition of · we can find j = (j i ) p k=0
such that
We may assume that p ≥ m. Choose i ≥ 1 such that
Pick y satisfying (17). There is r > m with |y(r)| > ε. We have (x(r) + y(r))
Put j 2 = (j 0 , j 1 , . . . , j i−1 , r). Since r > m ≥ j i−1 we have j 2 ∈ J. So
Since i ≤ j i−1 we get from (20), (21), and (22)
This and (18), (19) imply (16).
Let x ∈ c 0 , x n ∈ ℓ ∞ , and lim n |||x ± x n ||| = |||x|||. We have to show that lim n x n ∞ = 0. Assume the contrary. Then we may assume that x n ∞ ≥ 2ε > 0 for all n = 1, 2, . . . . From (24) it follows that there exists m such that P m x n ∞ < ε for all n which are sufficiently big. But, this contradicts (23) and Claim 3.2. Hence |||·||| is MLUR.
Now, put C = {u ∈ c 0 : |||u||| ≤ 1}. We will show that every non-void slice of C has · ∞ diameter ≥ 1/ √ 2. To this end, let f ∈ ℓ 1 , a ∈ R, H = {u ∈ c 0 : f (u) > a}, and S = H ∩ C = ∅.
Claim 3.3. For every x ∈ H with |||x||| < 1, there is y ∈ S with |||x − y||| ≥ x .
Proof. Choose δ > 0 such that
There exists a natural number m such that
and
where e m is the standard basis vector number m in c 0 . Put y = x − x e m . Pick arbitrary j ∈ J. We will show that
This and (26) imply (29). From (27) we get q 2 (y) < q 2 (x) + δ. From this, (25), and (29) we have |||y||| < 1. Since x < 1 we get from (28) that y ∈ H. Thus y ∈ S, and x − y ∞ = x . Using (15) we get |||x − y||| ≥ x − y ∞ = x , and the claim follows.
Since x ∈ S can be chosen with |||·|||-norm arbitrarily close to 1 we get from (15) that the diameter of S ≥ 1/ √ 2.
Weak continuous perturbation of the norm
It is natural to expect that weak continuous perturbations of the norm would preserve points of continuity. We will show that similar perturbations of the norm preserve strongly extreme points of the corresponding ball.
Theorem 4.1. Let X be a Banach space and let B be the unit ball corresponding to an equivalent norm |||·||| on X. Assume that the restriction |||·||| S X of |||·||| to S X is continuous at x ∈ S X a) with respect to the weak topology. Then x is a point of continuity for B X provided x is a point of continuity for B. b) with respect to a topology σ = σ(X, Y ), Y ⊂ X * with the property that for every bounded sequence in X there exists a σ-Cauchy subsequence, and let x be an extreme point of B X . Then x is a strongly extreme point of B X provided it is a strongly extreme point for B.
Proof. From the assumption |||x||| = 1. a). Pick ε > 0. Since x is a point of continuity for B, there is a weakly open set W containing x such that diam(W ∩ B) < ε. Since |||·||| is uniformly norm continuous, we can find δ > 0 such that diam(W ∩ (1 + 2δ)B) < 2ε. Since |||·||| S X is weakly continuous at x, we can find a weakly open set V containing x such that V ∩ S X ⊂ (1 + δ)B. Since · is uniformly norm continuous, we can find η ∈ (0, 1) such that V ∩ (B X \ ηB X ) ⊂ (1 + 2δ)B. Finally there is a weakly open set U containing x such that U ∩ ηB X = ∅. Hence x ∈ U ∩ V ∩ W and diam(U ∩ V ∩ W ∩ B X ) < 2ε. b). Pick an arbitrary sequence (u n ) ⊂ X with lim n x ± u n = 1. In order to prove that lim u n = 0, it is enough to show that there exists a subsequence of (u n ) converging to zero. To this end we assume without loss of generality that This implies lim m,n |||x ± u m,n ||| = 1. Having in mind that x is a strongly extreme point of B, we get lim m,n |||u m,n ||| = 0. Hence (u n ) is a norm Cauchy sequence. It follows that there is u ∈ X with lim n u n −u = 0. Thus x ± u = 1, which implies that u = 0 as x is an extreme point. Now lim n u n = 0 which finishes the proof.
Remark 4.2. The requirement that x is an extreme point of B X is essential for part b). Indeed, in finite dimensional Banach spaces, all norms are weak(= norm) continuous. Clearly a point x can be extreme for the ball B and not extreme for B X .
We end with a result that follows directly by combining Theorems 1.2 and 4.1.
Corollary 4.3. Let · W be a weakly continuous semi norm on bounded sets in a Banach space (X, · ) and let | · | be a lattice norm on R 2 . Let |||x||| = |( x , x W )|. Let B be the unit ball of (X, |||·|||). Then the strongly extreme points of B and B X coincide, and the denting points of B and B X coincide.
